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Let R be a simple ring with center Z. When R is endowed with an 
involution, the symmetric elements and the skew elements in it can be linked 
in a very particular way provided char R # 2 and dim, R > 4 (or Z = 0). 
Baxter showed that every symmetric element is an algebraic sum of squares 
of skew elements [1; 6, Corollary 1, p. 701. Martindale conjectured that these 
skew elements could be taken from some special set, namely, that of sums of 
commutators of the skews [8]. The objective of the present note is to settle 
this conjecture in the affirmative. 
In what follows R will always denote a simple ring with involution * and 
center Z. Let S = (X E R 1 x* =x) be the set of symmetric elements in R and 
K = {x E R 1 x* = -x} the set of skew elements in R. For x, y in R, 
x o y = xy + yx and [x, y] = xy - yx are the Jordan product and the Lie 
product (commutator) of x and y, respectively. If A and B are nonempty 
subsets of R, then A o B and [A, B] will be the additive subgroups generated 
respectively by a o b and [a, b] for all a in A and b in B. For a nonempty 
subset A of R, x will stand for the subring generated by A. Now we confirm 
Martindale’s conjecture by proving the following 
THEOREM. Let R be a simple ring with involution *. If char R # 2 and 
dim, R > 4, then S = [K, K] 0 [K, K]. 
Proof If Z s S and dim, R ( co, it can be easily proved that 
K = [K, K] by a trace argument. Then S = K o K = [K, K] o [K, K] follows 
from Baxter’s theorem. So we may consider only the situation when either 
Z & S or R is infinite-dimensional over Z. 
For simplicity, set S, = [K, K] o [K, K]. We claim first that IS, K] E S,. 
Since [R, R] 0 [R, R] is a Lie ideal of R, either [R, R] o [R, R] EZ or 
[R,R] G [R, R] o [R, R] by [4, Theorem 1.31. But the inclusion 
[R, R] o [R, R] G Z means that R satisfies a polynomial identity of degree 5 
which would imply dim, R < 4 by Kaplansky’s theorem 17; 3, 
Theorem 6.3.11, contrary to our hypothesis. Hence, [R, R] G [R, R] 0 [R, R]. 
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If Z & S, we may write S = AK for some central element I with 
A*=-I#O,sincecharR#2.ThenR=K+1K, [R,R]=[K,K]+A[K,K] 
and [R,R]o [R,R]=S,tIS,. Thus [K,K] +1[K,K]ES, tLS,. 
Comparing the symmetric parts, we obtain that [S, K] = A[K, K] G-S,. 
Next, assume that R is infinite-dimensional over Z. Since [S,, K] c S, ,S, is 
a subring of R and is invariant under commutation with K, and so either 
S, G Z or S, = R by a theorem of Herstein [5; 6, Theorem 6.3.11. The first 
possibility that S, c Z can be eliminated because it would imply that R 
satisfies a polynomial identity 12; 6, Theorem 5.511 and hence is of finite 
dimension over Z. Consequently, Sr = R and so [R, S,] = [R, R] = [R, S] 
because S= R also. From R =S + K, we have [S, S,] + [K,S,] = 
[S, S] t [K, S] and h ence [S, K] = [S, , K] G S, by equating the symmetric 
components of both sides. 
If s E S, k E K, then 2sk = [s, k] + s o k E S, t K. Since char R # 2, we 
get SKcS, tK. Let kEK and k,, k, E [K Kl; then 
(k,ok,)k,ESKcS, tK and [k,k,]k,=+[k,k,]ok,+i[[k,k,],k,]E 
S, + K, whence 2kk, k, E S, + K and so K[K, K]* s S, + K. But [K, K] = 
[[K,K], [K, K]] c [K, K]* by (4, Theorems2.1 and 2.151 and therefore 
K[K,K]sS,+K. 
NOW [K,K]EK and [K,K]‘cK[K,K]GS, tK, hence [K,Kj3& 
S, [K, K] + K[K, K] c S, + K. Continuing, we get [K, K]” c S, + K for all 
n. Since R = [K, K] [4, Theorem 2.131, R = 2 (K, K]” E S, + K. Thus 
R=StK=S,+KandsoS=S,=[K,K]o[K,K]. 
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